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Abstract The Thom-Boardman symbol was first introduced by Thorn in 1956 to classify sin- 
Q"^ ' gularities of differentiable maps. It was later generalized by Boardman to a more general setting. 
' Although the Thom-Boardman symbol is realized by a sequence of non-increasing, nonnegative 
. integers, to compute those numbers is, in general, extremely difficult. In the case of polynomial 
, multiplication maps, Robert Varley conjectured that computing the Thom-Boardman symbol for 
^ \ polynomial multiplication reduces to computing the successive quotients and remainders for the 
Euclidean algorithm applied to the degrees of the two polynomials. In this paper, we confirm this 
conjecture. 
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<d 1 Introduction 

^ I This paper proves Robert Varley's conjecture on the Thom-Boardman symbols for polyno- 
mial multiplication maps. 

In 1956, R. Thom developed a method to classify singularities of differentiable maps 
according to the rank of the first differential of the map and the ranks of its restrictions 
^ i to submanifolds of singularities. His theory depended upon the manifold structure of the 
singular locus of each restriction of the map. Eleven years later, J.M. Boardman [3] gener- 
■ alized Thom's work to include maps whose singular loci may fail to be manifolds, or whose 
successive restrictions may fail to be manifolds. In effect, Boardman expanded Thom's 
^ . work to almost all differential maps on manifolds. The Thom-Boardman classification is 
G^ i realized by an infinite, non-increasing sequence of nonnegative integers referred to as the 
^ ' Thom-Boardman symbol. When the number of nonzero terms is finite, the sequence for 

the symbol is usually truncated after the last nonzero entry. 
^ ■ Joint work concerning invariants of Gauss maps of theta divisors by M. Adams, C. 

McCrory, T. Shifrin and R. Varley [1] revealed a fundamental connection between these 
Gauss maps and secant maps. Continued work by R. Varley indicated a connection between 
secant maps and maps defined by the multiplication of two monic single-variable polyno- 
mials. The multiplication maps take the coefficients of two polynomials to expressions in 
those coefficients that describe the coefficients of the product of the two polynomials. The 
classification by singularities of these polynomial multiplication maps would result in the 
classification of the secant maps. However, The Thom-Boardman symbol is usually diffi- 
cult to compute. Even in the case of the polynomial multiplication maps the computation 
become extremely difficult in all but a small number of cases. A conversation with Victor 
Goryunov led Robert Varley to conjecture that computing the Thom-Boardman symbol for 
polynomial multiplication reduces to computing the successive quotients and remainders 
for the Euclidean algorithm applied to the degrees of the two polynomials. 

In her Ph.D. dissertation [4], Janice Wethington revealed many fundamental structures 
in the Jacobian matrices. She proved Varley's Conjecture in several special cases and 
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obtained upper bounds for the Thom-Boardman symbols. In this paper, we completely 
prove Varley's Conjecture. 

For the reader's convenience, let us first recall the definition of Thom-Boardman symbol 
from [2] and then state Robert Varley's conjecture. 

Let J be an ideal in the algebra A of germs at a given point of C°° maps of manifolds 
F : M ^ N,F = (/i, /2, • ■ ■ I fn), where M and N have dimensions m and n respectively. 
Take Xi, • • • , to be local coordinates on M. The Jacobian extension, A^J, is the ideal 
spanned by J and all the minors of order k of the Jacobian matrix (dfi/dxj), denoted 5 J, 
formed from partial derivatives of functions / in J. Since the determinant of this matrix is 
multilinear and since {df/dx') = df /dx ■ dx/dx' , the Jacobian extension is independent of 
the coordinate system chosen, hence is an invariant of the ideal. We say that Aj J is critical 
if Aj J 7^ A but Aj_i J = A. That is, the critical extension of J is J adjoined with the least 
order minors of the Jacobian matrix of J for which the extension does not coincide with 
the whole algebra. If every size minor of 5 J is a unit in A, then the map was of full rank at 
the given point already and the critical extension is the ideal J itself. Note that J C Aj J. 

Now we shift the lower indices to upper indices of the critical extensions by the rule 
A* J = Aj„_j_|_i J. We repeat the process described above with the resulting ideals until we 
have a sequence of critical extensions of J, 

J C M J C A^^A^i J C • ■ • C A^'=A^'=-i ■ • ■ M J = m 

where m is the maximal ideal of A. Then the Thom-Bocirdman symbol, TB{J), is 
given by (ii, ^2, ■ • ■ jh)- The purpose of switching the indices is that doing so allows us to 
express TB{J) as follows: 

ii = corank( J), ^2 = corank(A*i J), • • • , = corank(A''=-i ■ • ■ A'^ J) 

where the rank of ideal is defined to be the maximal number of independent coordinates 
from the ideal and the corank is the number of variables minus the rank. 

Let Mn be the set of monic complex polynomials in one variable of degree n. Mn = 
by the map sending f{x) = ,t" + a„_ia;"^~^ + • ■ • + to the n-tuple {oq, ai, ■ ■ ■ , a„-i) G C". 

If we take f{x) of degree n as above and g{x) = x'' + hr-ix''~^ + ■ • ■ + &o of degree 
r, then the product h{x) = f{x)g{x) is a monic polynomial of the form h{x) = x^~^^ + 

Cn+r-ix'"'^'^''^ + h Co, where the c^-'s are polynomials in the coefficients of / and g. We 

can also assume that n > r. The c/s are as shown below: 

Cn+r-2 = O'n-2 + &r-2 + ^n-l^r-l 

and 

Cn+r-j = dn-j + &r-j + ^^i^k, for j <r 

i+k=n+r—j 

Cn+r-j = On-j + J2 ^^ih, iOT r < j < n 

i+k=n+r—j 

Cn+r-j = E dibk-, for j > n 

i+k=n+r—j 

This gives us maps 
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defined by 

(Oo, ■ • ■ , bo, - • ■ , br-l) — {Cn+r-l, • " • , Cq). 

Consider the Euclidean algorithm applied to n and r: 

n = qiT + Ti, < Ti < r 
r = q2ri + r2, < r2 < ri 

^^fc-i = Qk+irk, < rfe < rfe_i 
Let I{n, r) be the tuple given by the Euclidean algorithm on n and r: 

/(n, r) = (r, ■ ■ • , r, ri, ■ • ■ , ri, ■ • ■ , Tfe, • • ■ , Tfe) 

where r is repeated qi times, and is repeated gj+i times. 

Let I{iJ>n,r) be the ideal in the algebra A of germs at origin generated by Cj's in the map 
fi^^r ■■ C" X C ^ C"+^ Denote TB{I{fXri,r)) the Thom-Boardman symbol of this ideal, 
Robert Varley conjectured that 

Conjecture 1.1. (Varley's Conjecture) TB{I{iin,r)) = I{n,r) for any n>r. 

In this paper, we prove Varley's Conjecture, that is, we have 
Theorem 1.2. TB{I{jjLn,r)) — I{n',r) is true for any n > r. 

One of the difficulties in computing Thom-Boardman symbol is that if we simply add 
all {n + r — ij + 1) minors into the ideal representing the j-th critical extension of I{iin,r) 
the number of generators grows exponentially. In her dissertation, Wethington confirmed 
Varley's Conjecture for all cases n + r < 10 by computer. The memory demands grew 
exponentially for those calculations. In this paper, we overcome this difficulty by carefully 
choosing the generators at each step of the critical extensions. Specifically, we find a group 
of polynomials such that at each step of the critical extensions we only need to add the 
same number of polynomials indexed by the corresponding entry in I{n,r). We construct 
these polynomials explicitly and prove that they have the desired property. 

This paper is organized as follows: in section 2 we discuss the first critical extension 
of I{iJ>n,r) and prove Varley's Conjecture in the special case n = r. In section 3, we first 
prove some properties of lower Toeplitz matrices and then construct {qir + ri) polynomials 
■00) ■ ■ ■ ) V'gir-i! V'gir; " " " ; V'gir+n-i explicitly. We show that the s-th critical extension of 
I{l^n,r) is exactly obtained from the previous one by adjoining ilj(^s-i)r, " " " for 1 ^ 

s < qi and the (gi + l)-th critical extension is the gi-th one adjoining ipg-^^r+i, ■ ■ ■ , V'gir+ri-i- 
Denote fo{x) = f{x), fi{x) = g{x), ri = n and ro = r. Starting from /o(a;) and fi{x), we 
construct a sequence of polynomials /2(x), ■ • • , fk+i{x) inductively such that the degree of 
fi{x) is rj_i and the multiplication of fi{x) and fi^i{x) gives a map fJ'ri_i,ri '■ C''*-^ x — > 
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Following the same idea we can produce (gj+irj + rj+i) polynomials with the 
property that at each of the next {qi+i + 1) steps of the critical extensions of I{Hn,r) we 
only need to add the same number of polynomials indexed by the entries (rj, • • ■ , rj, rj+i) 
in I{n,r). After adding all such polynomials into I{n,r), we reach the maximal ideal m. 
Therefore the rest of the entries in TB{I{^n,i)) are zeros and Varley's Conjecture follows. 

Acknowledgment. We appreciate Professor Robert Varley for his detailed explanation 
about the motivation to compute Thom-Boardman symbols of polynomial multiplication 
maps. Without his help, this collaboration would have never happened. 



2 The First Critical Extension of I{fin,r) 

Let I{(J-n,r) be the ideal generated by c„+r-i, c„+r-2, • • ■ , cq defined by the multiplication 
map iXn,r- There is an interesting fact that becomes obvious when taking the Jacobian 
51{lin,r)- Taking the derivatives of Cj's in descending order from n + r — 1 to with respect 
to the Oj's and hiS in descending order from n — 1 to and r — 1 to respectively, we get 
the following: 
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br-l ■ ■ ■ 
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This is the Sylvester matrix for / and g. The rank of the Sylvester matrix for two 
polynomials when evaluated at the origin is the larger of the two degrees and thus the corank 
is the smaller. This gives the first entry of TB{ii„ r) for n > r; ii — corank(57(/x„_r)) — 
r. 

Let dn-l = On-l - br-l, dn-j = " K-j " J2 dn-iK-k, ^OT j < T and dn-j = 

i+k=j 

(^n-j — ^ dn-ibr-k, for r < j < n. The following is true. 

i+k=j 

Proposition 2.1. A'^I{iJ,n,r) = I{l^n,r) + (c^o, • ■ • , dr-l) 
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Proof. By the definition of critical extension, A'^I{fin,r) is the sum of I{fin.r) and the ideal 
spanned by all the (n + 1) x (n + 1) minors of 51{iin^r)- The later one is unchanged under 
elementary row operations on 51{iin,r)- We can do row operations on 51{iin,r) as follows 
(in next section, we will describe these operations in matrix language). 

Multiply the first row by — 6r-i and add it to the {i + l)-th row for i = 1, ■ • ■ , r. After 
that, multiply the second row by —hr-i and add it to the (i + 2)-th row for i = 1, • ■ • ,r. 
Continue this process until all the bo, ■ ■ ■ , &r-i disappear from the first n columns. After 
that, multiply the (n + l)-th row by —K-i and add it to the {n + i + l)-th row for i — 
1, ■ • ■ , r — 1. For each j = 2, ■ ■ ■ , r — 1, starting from j = 2, we can multiply the (n + j)-th 
row by — ft^-i and add it to the {n + j + i)-th row for i = 1, ■ • ■ ,r — j. At the end, we get 
a matrix with the following form: 



/I 

1 

1 

: ••• 



1 

dn-l 
■ ■ ■ dn-2 



do 
: * 





Vo 







* * 

* * 



\ 




dr-1 
dr-2 

do J 



(2.2) 



The elements in the position marked with "*" in matrix (2.2) can be generated by 
do, - ■ ■ , dr-i- Now it is easy to see that the ideal of all the (n + 1) x (n + 1) minors of the 
matrix (2.2) is generated hy do, - ■ • , dr-i, so is that of 51{^n,r)- Proposition 2.1 follows. 

□ 

As an easy consequence of Proposition 2.1, we have the following corollary. 

Corollary 2.2. TB{I{iJLn,n)) — (^) — I{n,n) for any positive integer n. 

Proof. Prom the discussion on the first Jacobian, we know the first entry in TB{I{^n,n)) is 
n. 

To show that T B {I {ij,n,n)) — {n), we only need to prove that the corank of 5A"7(//„_„) 
evaluated at origin is 0. 

By Proposition 2.1, A"/(/i„,„) = I{i^n,n) + (<^o, ■ • • , dn-i), so 6A"-I{i^n,n) has the follow- 
ing form when evaluated at origin. 





\In In/ 



whose corank is obviously equal to 0, hence TB{I{nn,n)) = {n). 



(2.3) 



□ 
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3 Proof of Theorem 1.2 



3.1 Toeplitz matrices 

Before we give a proof of Theorem 1.2, let us discuss some properties on certain class of 
matrices called Toephtz matrices. 

A n X n Toeplitz matrix is a matrix in which each descending diagonal from left to 
right is constant. The lower shift matrix L„ is a n x n binary matrix with ones only on 
the subdiagonal and zeroes elsewhere. It is obvious that L„ is Toeplitz. Moreover, it is 
nilpotent. 

A matrix V is called a lower Toeplitz matrix iiV — vIn + Vm-iLn + Vm-2Ll^-\ ^-^o-^n 

for some m(m < n), where /„ is the identity matrix and v,vq, - ■ ■ ,Vm-i are variables or 
constants. 

The following lemma is true. 

Lemma 3.1. LetV ^ 4 + v^_iL„ + ^;^_2-t'^H ^^o-^n andW ^ 4 + w;_iL„ + w;_2L^ + 

• ■ • + WoL[^ be two n X n lower Toeplitz matrices. Then 

1. VW is a lower Toeplitz matrix and VW = WV . 

2. V^^ is a lower Toeplitz matrix and each entry below the diagonal is a polynomial in 
variables Vq, - ■ ■ , Vm-i- 

Proof. It is easy to see that VW = (/„ + Vm-iLn + H h voL'^){In + wi-iLn + 

wi-2L'^ + 1- wqLD = WV and VW is a lower Toeplitz matrix. 

Using long division to -n f — ; — ^—n-, — ; — n?r in the formal power series ring 

" '(^y^^^^'^"^^ ; we immediately have that V~^ is a lower Toeplitz matrix and each entry 
below tfie diagonal is a polynomial in variables Vq,--- , Vjn-i- □ 

3.2 Proof of Theorem 1.2 

Let An-^-r+l = In+r+l + + '^n-2-^r4+r+l + ' ' ' + ^nd Bn+r+l = ^n+r+l + 

br-iLn+r+1 + &r-2-^n+r+i + " ' " + ^o-^'J^+r+i ) where Oj, bj are the coefficients of f{x) and g{x) 
respectively. The first Jacobian matrix is 

Let Dn^r+i = {Bn+r+i)~^An+r+i- It is casy to sec that the row operations we did 
in section 2 on SI{iin,r) is exactly multiplying 81{^n,r) by (-^n+r)"^ on the left, where 

do-t'^+r+i+^^-i-f'n+r+i+' ' ■+^-r--f'n+r+i for some ■ • ■ , d-r- Comparing the corresponding 
coefficients L^^^^^ for j = 1, • ■ • , r on both sides of the equation Bn+r+iDn+r+i — ^n+r+i; 
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we have that d_j + br-id_j^i + ■ • ■ + h^dr-j = 0, which imply that j = 1, ■ • ■ ,r are 
generated by do, • " ' ^dr-i- This coincides with what we said about the elements in the 
position marked with "*" in matrix (2.2). 

Prom = -Bn+r+i-Dn+r+i, it is easy to get the following equations: 

fln-l = dn-l + 6r-l 

0,n-2 = dn-2 + br-2 + br-ldn-1 

and 

an-j = dn-j + br-j + Yl br-kdn-i, for j <r 
i+k=j 

an-j = dn-j + br-kdn-i, ioT r < j < n 

i+k=j 

Taking derivatives with respect to a^'s and 6j's in descending order from n — 1 to and 
r — 1 to respectively in the above equations and using the Chain Rule, we have that 



(/„, 0) = (S, D) 



ddj 
dai 



ddj 
dbi 



(3.2) 



where B = (/„,0)B„+^+i ( M and D = (7„, 0)Dn+r-+i ( )• This gives that 



B 



ddj 
dai 



If) 



Let A = {In,0)An+r+l 



then A = {In, 0)An+r+i 



(3.3) 



(/„, 0)Bn+r+lDn+r+l 



Using Equation (3.3) and A = BD, we can prove the following lemma. 
Lemma 3.2. (gJ^) = s (gJ^) D for s ^ 1, ■ ■ ■ ,qi. 

Proof. It is easy to see that B — (/„, 0)Bn+r+i (^q^ — + K-iLn H 1- ^'o-^n ^ lower 

Tocplitz matrix. Its derivative with respect to fog is again a lower Toeplitz matrix, in fact, 
1^ = L^. So 5 1^ = by Lemma 3.1 or direct verification. 

The equation |^ = L^^ implies that any higher derivatives of B with respect to bo is 



zero. From B ^|^^ = In in Equation (3.3), we have 



ddj. 

da-j 



-- B-^ (3.4) 
Taking derivatives with respect to bg repeatedly on both sides of Equation (3.4) gives 
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for any positive integer s. 

Prom B (^||) + D = and A = BD, we have 

(t) = -5-'^ = -^-'^ (3.6) 

Taking derivatives with respect to bo repeatedly on both sides of Equation (3.6) and 
using the commutativity B^ — ^B give that 



(^) ^ ■ . . i-s)B-^ (1^) A . i-^',B- (1^) ■ n (3.7) 

Now our lemma follows immediately from Equations (3.5) and (3.7). 



□ 



We also need the following lemma. 



Lemma 3.3. The n x r matrix ^ff^ j in Equation (3.3) is the first r columns in a n x n 
lower Toeplitz matrix; moreover, the elements |^ for i — 0, - • ■ , r — 1 and j — 0, - ■ ■ , r — 1 
can be generated by = 0, • ■ • , r — 1 and di, - ■ ■ , dr-i if qi>2. 

Proof Prom B (^^^ + D = in Equation (3.3), we have that (^^^ = -B'^D. Let 
D — In + dn-iLn H h (iiL^~^, which is a lower Toeplitz matrix. Then D — D ■ 

Lemma 3.1, -B'^D is a lower Toeplitz matrix. So (^f|) = -B-'^D = -B'^D is 

the first r columns in the n x n lower Toeplitz matrix —B~^D. 
Denote B~^D as + H h iiL"~^, we have that 

In + 0?n-l^n + " " " + C^li^"" ' = ^ = S^-^B = ^ 
(4 + 6r-li^„ + • • • + 6oL;)(4 + tn-lLn + ■■■ + t^Ll-^) 

Comparing the coefficients of for /c = n — r + 1, ■ • ■ , n — 1 in Equation (3.8), we have 
that 



di^ti^- br-iti+i H h botr+i for i = 1, ■ • ■ , r - 1 (3.9) 
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ddr 



dbi 



From Equation (3.9), it is easy to see that ti, ■ • ■ are generated by tr, - ■ ■ ,t2r-i 

and di, ■ ■ ■ ,dr-i. From the equation (^ffyj = —B'^D [ir, O) we see that tk = — for 
k — r — j + i , where i = 0, ■ ■ • , r — 1 and j — 0, ■ ■ ■ ,r — 1. Hence the elements |^ for 

i = 0, • • • , r — 1 and j — 0, - ■ ■ ,r — 1 can be generated by t2r-i-j — 
and di, ■ ■ ■ , dr-i- 

As an easy consequence of Lemma 3.2 and Lemma 3.3, we have 

Proposition 3.4. A'^(A'^7 = + (do, • • ■ , l^f^, • • 

Proof. By Proposition 2.1, we have that /VI{iin,r) — Hl^n,r) + {do, • ■ 
corollary, we only need to show that the corank of 5{I{^n,r) + {do, ■ ■ 
origin is r and 



-,j = 0,--- ,r-l 
□ 



ddr 



, dr-i). To prove this 
■ , dr-ij) evaluated at 



A'ildln^r) + {do, • ■ • , dr-l)) = i"(//n,r) + {do, ■ ■ , 4-1 



ddf-i 



Because 5{I{^n,r) + (c^o, ■ ■ ■ , C^r-l)) 



left multiplying d{I{iJ,n,r) + (c^o, • • • , c?r-i)) by 



ddj \ ( ddi_ 

daj J ' yabj 

I In 


( dd. 



ddr -I 



dbr-i ' ' dbo 



) (3.10) 




0\ 





L 



Bn+r) ^ 



(In D \ 

* 

where elements in the position marked by "*" can be generated by do, ■ • " , dr-i- 
By Lemma 3.2 (the case s = 1), we can rewrite the above matrix as 



gives 



(3.11) 



(In D \ 

* (3.12) 

vo 2(il)y 

The * part is given by (O, /^) {BnJ^r)~^ ^n+r i^Q^ ' "^^^ich evaluated at origin is (O, 7^) 

= because qi > 2. The same argument gives that j = - (O, J^) B~^D 

evaluated at origin is also equal to (O, 7^) (^q^ ~ 0- Therefor the corank of 5{I{iin,r) + 
{do, ■ ■ • , dr-i)) evaluated at origin is r. 
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By Lemma 3.3, any element in the r x r matrix can be generated by '^^^ / , j" ~ 

0, • ■ • , r — 1 and - ■ ■ , dj—i- So any (n + 1) x (n + 1) minor of the matrix in (3.12) can 
be generated by Q^^\ j = 0, • • • , r — 1 and rfo, • ■ • , (ir-i because it must have at least one 

row whose elements are from * or 2 {^^- This implies that 

dd 1 dd 1 

UOr—l UUQ 
fin # A 

For each j = 0, ■ • • , r — 1, the (n + 1) x (n + 1) minor j ^ ^ddr-i ] has determinant 
2 ^g^7^ , so the C in Equation (3.13) is actually an equality. This proves Proposition 3.4. 

□ 

Let = for i = 0, • • ■ , r - 1 and Vsr+i = ao-^bodbr-i-i ^ ^ 0, • ■ • , r - 1 and 
s = l,---,q'i — 1. We have the following lemma. 

Lemma 3.5. (^) = -{s + 1) (^) D /or s = 0, • • • , - 1. 

Proo/. Equation (3.3) implies that (^fj) = B'^ and (^f|) = -B-^D. So (^||) = 
— ^ff~^ -D. Lemma 3.5 is true in the case s = 0. 

For s > 1, by Lemma 3.3 we have that g^'^''"^ — so V'sr+i — d'-^bodb^ i ~ 

( ddr-i \ _ d"-^ ( ddi\ _ Sfdi 
a^-ifeo V^fer-i-z/ d'-^bo\dbQ) d^bo' 

By Lemma 3.2 we have that (%^) = = J- (^^) = J- 



— s 



dP 
dbo 



— (4"f^) This can be done as follows. 
From the equation A = BD, we have that ||D + 5|g = 0. So |g = -B'^^^D. 
Applying Equation (3.5) to both indices s and s + 1, we have that —s ( d'-^boda ) 1^ ~ 

- (a^) ^-^H^ - (-l)-^.!S-(^+^) (g = - D. This completes the 

proof of Lemma 3.5. 

□ 

s 

Theorem 3.6. A'' • • • A^'Id^n^r) = I{l^n,r) + {i>o, ■■■ , ^sr-i) for s = 1,- ■ ■ ,qi. 

Proof. The case s = 1 has been proved in Proposition 2.1. If qi — 1, we are done. So we 

may assume that qi >2. 

Suppose that Theorem 3.6 is true for s = 1, • ■ • , p. By Proposition 2.1 and Proposition 
3.4, we may assume p > 2. If p = gi, we are done. Otherwise we may assume that 
P < ?i - 1- 
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By the inductive assumption, we have that 



(3.14) 



We need to prove that the corank of 5{I{^n,r) + (V'O) ' i i^pr-i)) evaluated at origin is 
r and 



A''(A'' • • • A''/(/X„,r)) = A''(/(/i„_r) + {ipQ, ■■■ , 1ppr-l)) = IilJ'n,r) + (V'O, " " " , 1p(p+l)r-l) 

(3.15) 

/ 5(/(/i„,.)) \ 

It is easy to see that 5{I{iJ,n,r) + (V'o, • • • ,'4'pr-i)) = I f d^p^r+i di^^r+A > where s varies 

daj ' dbj ) J 

from to p—1 and i from to r— 1 respectively. Left multiplying 5(7(//„ ,.)+('0o, • ■ • , V'pr-i)) 



by 



/ (In 

L 



di>i \ T 
da, ' 



da-i 



( (Bn+r) 




-1 



7 



V 



■ •■ o\ 
■•. 

IJ 



, we get the following matrix 



fin 




* 



/ dlpsr+i \ ]J I ( dlpsr + i \ 

\ daj J \ dbj ) ^ 



where elements in the position marked by "*" can be generated by ■ • ■ ? ^^r-i ^-nd s varies 
from to p — 1. 

By Lemma 3.5 and induction assumption, it is equal to 



fin D \ 

* 







(3.16) 



where elements in the position marked by "*" can be generated by ■0o, • ■ • , V'pr-i- 

By induction assumption, the corank of evaluated at origin is r. To show that 

the corank of 6{I{fin,r) + (V'oi ■ ■ " ?'^pr-i)) evaluated at origin is r, it is sufficient to prove 
^'^(p-^)^+^ j '^^^'^ when evaluated at origin. 

dbj V dP-'^ba dbo ' 



dP-'^bo dbr-l-^ 



The matrix (%^) = (4( ,AX\_. )) = W 
= By Equation (3.6), we have that (j^(i|)) = - (O, /.) (^(S'^)) A 
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= (-l)fp! (0,/^) B-P-\^Y-^A = (-l)fp! (0,4) B-P-^L'-r^^'A, which evaluated at ori- 

gin is zero because B ^ ^Ln ^''^A evaluated at origin has the form j Ir I and the bottom 

consists of {qi — p)r > r rows. 

By the definition — ^ wS dp-^Jbr-i-i^ ^ W^dp-Ho dW-i-i^ ^ J^l^) ^ 
-k^S^) = By induction assumption can be generated by 

V'o,-- - , '0(p-i)r+r-i and ^'^^7^^^''+' for i = O,--- ,r - 1. By the definition ^'^'7^^^'^+' = 

W^ dv^ldCJ = dp-ZXr-.-. ^ '^P^+i- Therefore any (n + 1) x (n + 1) minor of ma- 
trix (3.16) and hence S{I{fin,r) + ("^O; ■ " ■ j'^pr-i)) can be generated by {ipo, ■ ■ ■ , V'(p+i)r-i), 
this implies that A^{I{fin,r) + (V'O) ' , i^pr-i)) ^ I{.l^n,r) + {i^o, ■ • ■ J i^ip+i)r-i)- Actually the 
inequality is an equality because each ippr+i is only different from a (n + 1) x (n + 1) minor 
of 5{I{iin,r) + ('j/'o, • • • ,'?/'pr-i)) by a nonzero constant. Theorem 3.6 follows. □ 

As an easy corollary of Theorem 3.6 and its proof, we have 
Corollary 3.7. The first qi entries in TB{I{iJ,n,r)) c-f^ {f:' ■ • 

Our next goal is to prove that 
Proposition 3.8. The {qi + l)-th entry in TB{I{fin,r)) is ri. 

Proof. By Theorem 3.6, it is sufficient to prove that the rank of 6{I{fin.r) + (V^Oi ■ ■ ■ i V'gir-i)) 
evaluated at origin is n+r—ri. By the proof of Theorem 3.6, we only need to prove that the 
rank of ^ ^^^^g"^^*"*"' ^ evaluated at origin is r — ri, where i = 0, ■ ■ ■ , r — 1 and j = 0, • ■ • , r — 1. 

When qi = 1, we have that = (mj)- By Equation (3.6) and that B-^ is 

equal to /„ when evaluated at origin, we have that ( ) evaluated at origin has the same 



n = ri + r and 



rank as that of — (O Ir) (^q^ ' latter one has rank r — ri because 
(0 Ir) (^Q^ represents the first r columns in the r x n matrix (O Ir) ■ 

When > 1, we have that (*1^) = (^ ..f-'Cf.-. ) = (* JJSt) 
= (4 J^^) = (i5«^)- By Equation (3.7), we have that (55;?^) = {» Ir) 

(— l)'^igi!i?~^i (1^) which evaluated at origin has the same rank as (O Ir) 

L^n^ j , where the first zero in the r x n matrix (O Ir) represents the first 

(gi — l)r columns and the second zero represents the next ri columns. Because Ln^ — 
0\ 

Ir^ , so (0 Ir) lI?'''^^'' = (0 Ir O) , where the first zero in (O Ir O) occu- 



Ir 0; 
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pies the first ri columns and the second one occupies the last {qi — l)r columns. It is easy 
to see that (0 Ir) lI?^'^^"" (oj = {O h O) f j has rank r - n. □ 
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In order to obtain the {qi + l)-th critical extension A^i(A'" ■ ■ • A''7(/i„^r)), we need a key 
lemma. 

Denote B-'^^D = In + Q;„_iL„ H h aiL^'^. We have that 

/ aq^r ■ ■ ■ ttn-l 1 ' " " \ 



(0 Ir)L';?'-'^'B-iW 



It is easy to sec that 
(0 Ir)Ll?'-'^'B-iW 



\tt(9i-l)r+l 





On -I 



■r—ri 



[Ir + (Xn-lLr + ■ ■ • + Oin-r+lL. 



r-l\ I -^r-ri 



The matrix (4 + a„_iL^ + ■ • • + a„_^+iL;-i)-i (O, 4) L^^' ^^''B-'^W (^^^ has the form 



IS 



K 

where K = (0, /,J {Ir + an-iLr + ■■■ + a^-r+iL;-')-' (0, Ir) lI?'-'^'B-'^W q'-^ (^^^^^ 

a ri X ri matrix. 

We have the following lemma. 

Lemma 3.9. The elements in the first row of K and ipQ, ■ ■ ■ ,ipg-^r-i generate all elements 
in K. 

Proof. Denote $ = + Q;„_iLr H h Un-r+iLl''^ and (/„ + oin-iLn H \- oiiLZ~^)~^ = 

In + Pn-iLn + ■ • • + (3iL^~^ . Usiug the partition (ri,r, (gi — l)r) of n, we can split + 

/3„_iL„H \-PiL'^~^ and In + an-iLn-\ hctiL^"^ into 3x3 block matrices. Comparing 

the (2, 1) block in (7„ + /3n_iL„ H h /3iL;^~^)(4 + q;„_iL„ H h aiL^^""^) = 4 we have 

that 



\P(qi-l)r+l 

So 



/ 1 ■•■ 0\ 



Pn—r J 



\Ctn-ri+l 



+ $-1 



V 



a 



qir 



Olr. 



-A 



\a(gi-l)r+l 



0. 



n— r y 



ijir 



= -(o,/n) 



\"(gi-l)r+l ••■ 0^^^-r/ 



\Agi-l)r+l 



Pn—r J 
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V 



^ P{qi-l)r+ri ' ' ' P(qi-l)r+2ri-l^ 



P{qi—l)r+ri J y^n—ri+l 



Because each row in K can be generated by the corresponding row in 

^P{qi-l)r+ri ' ' ' P{qi-l)r+2ri-l^ 

'■ I I and vice versa, to prove Lemma 3.9, it is sufficient 

\Agi-l)r+l ■■• Piqi-l)r+ri ) 

to show that _ 1)^+^1, ■■ • , /3(qi_i)r+2ri-i and V'o, • • ■ ,V'qir-i generate all for 
l<i<ri-l. _ 

Denote B'^i^-'^W = B-i^A as /„ + 7n_iL„ + • • ■ + TiL^S where = BD. Prom 

= ^/'(qi-i)r+j for i = 0, • • • , r - 1. 



Equation (3.7), we have that ^(q^-iy+i oc g^f-^oot,,'] 



From the equation (/„ + a„_iL„ + - • • + = B^W'^, we have that B'^'^i- ^) 5(4 

-a„_iL„ H h aiL^'^y^ = B, that is. 



(4 + In-lLn + ■■■ + 71 ^n"') (4 + /^n-l^n + " " " + A^n"') = 4 + W-lLr, + ■■■ + boU^ 

(3.17) 

Comparing the coefficients of for k — r + 1, ■ ■ ■ ,r + ri — lin both sides of Equation 
(3.17), we have that 

/3(gi-l)r+i + /3(gi-l)r+i+l7n-l H ^ /3n-l7(9i-l)r+i+l + 7(gi-l)r+i = foV i = Ti - 1, • ■ • ,1. 

(3.18) 

For each term Pk^i in the equation /3(5j_i)^+ri-i+/3(gi-i)r+ri7n-iH K/3n-i7(gi-i)r+ri + 

7(gi-i)r+ri-i = 0, wc have either (gi — l)r + ri < k < {qi — l)r + 2ri — 1 or {qi — l)r + ri < 
Z = n + (gi — l)r + ri — 1 — /c < n + (gi — l)r + ri — 1 — (gi — l)r — 2ri = gir — 1 = 
{qi - l)r + r - 1. So can be generated by p^g^^iy+n, ■ ■ ■ , f3(qi-i)r+2ri-i and 

'j(q^-i)r+ri = V'(gi-i)r+ri , " " " , 7(</i-i)r+r-i = V'(m-i)r+r-i- Usiug Equatiou (3.18) and iuduc- 
tion on i in descend order, we can prove that /3(q^_i)f.+ri, ' ' ' ■> P{qi-i)r+2ri-i and 7(gj_i)r+i = 
V'(5i-i)r+i, • ■ • ,7(5i-i)r+r-i = ip(qi-i)r+r-i generate all (3(^q^-i)r+i for 1 < i < ri - 1. 

This completes the proof of Lemma 3.9. 



□ 



Let V'gir+i = P{qi-i)r+ri+i for i = 0, • ■ • , Ti - 1. We have 
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Theorem 3.10. A''i(A'' ■ • ■ A''7(//„,r)) = I{ll„,r) + {ipO, ■ ■ ■ , V'gir-l, V'gir, ■ ■ • , Ipq.r+n-l) 

Proof. By Lemma 3.5, Theorem 3.6 and Proposition 3.8, we only need to prove that any 
(r — ri + 1) X (r — ri + 1) minor of ^^^^^^^^-'^^ j can be generated by ■0o, ■ • " > '0?ir-i and 

'4'qiri ■ ■ ■ ) V'gir+ri — 1- 
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It is easy to deduce that (^%^) = (a^r^) = (O /.) {-irq,\B-^^ (||)''" 
D = (0 Ir){-iy'qi\B-i^L^^'-'^''D (^^^^ oc (O Ir) B-i^ l!;?'-''^' D (^^^^ So we only 

need to prove that any {r - n + 1) x {r - n + 1) minor of (O Ir) 3''^^ L^^^~^^'' D (^^, 

and hence (/, + a„_iL, + • ■ • + an-r+iL^-^)-^ (O, /,) lI^'-'^'B-'^W = (^^ ^'q''^^ , 

can be generated by ipo, ■ ■ ■ ^tpq^r-i ^-nd V'^ir; ■ ■ ■ jV'gir+n-i- Any (r — ri + 1) x (r — 
ri + 1) minor of [ -^r-n j j^^g^ contain a row with elements either in K or equal 





to zero. Expanding this minor along that row gives that elements in K generate the mi- 
nor. By the proof of Lemma 3.9, each element in K can be generated by ipQ, ■ ■ ■ ^ipq^r-i 
and ■ • ■ , /3(qi-i)r+2n-i- By the definition of (z/'g.r, • ■ • , V^gir+n-i), we have that 

i^O) ■ ■ ■ )'0(jir-i and ipq^ri ' ' ' 5 V'gir+n-i generate all (r — ri + 1) x (r — ri + 1) minors of 
^^^h^^^yr+i^ This complete the proof of Theorem 3.10. 

□ 

Denote f{){x) = f{x), f\{x) = g{x), ho{x) = h{x), r_i = n and vq = r. We will 
show that a sequence of monic polynomials fo{x), fi{x), f2{x), ■ ■ ■ , fk+i{x) can be produced 
inductively starting from fo{x) and /i(a;) such that the degree of fi{x) is r^-i and each 
product of hi{x) — fi{x)fi+i{x) gives a map iJ.ri_i,ri '■ C^'"^ x — > C^^-i+^i with the 
property that the polynomials generated at each of the first {qi+i + 1) steps of the critical 
extensions of I{fJ'ri^i,ri) can be added into the corresponding steps to form the critical 
extensions of I{^n,r)- 

Recall that = J„+7„_iL„ + - • ■+71^^""'- Let f2{x) = x'-^ +7„_ia;^i-i + - . .+^^_^^. 

Then the product hi{x) = fi{x)f2{x) = g{x)f2{x) — x^ + CTr+n-iX'""^ + ■ • ■ + ctq gives a 
map //r,r-i '■ C'' X — > C'*"^^ Taking derivatives of the coefficients of hi{x) with respect 
to hr-i-i ■ • ■ jbo, 7n-i, ■ ■ • , Jn-n givcs its first Jacobian 

5I{lXr,Ti) = ^(-^r+ri,0) Tr+n+l ^ q ^ , (-^r+n , O) -Br+n+l ^ 0^^^ (3.19) 
where Tj.+ri+l = -^r+ri+l + 7n-l-^r+ri+l + " " " + 7n-ri-^r+ri+l -Sr+n + l = ^r+n + l + 

Repeating the same process as we did for I{iin,r), we get polynomials (fo, ■ ■ ■ , (fin-i, ■ ■ ■ , 
f{q2-i)ri,- ■ ■ , <fq2ri-i and (fig^n, ■ ■ , (/^gari+ra-i which Satisfy 

gf2 - 1, i = 0, ■ • ■ , ri - 1 and j = 1, • ■ • , n, where r^+^i = (-^r+n , O) Tr+r^+i (^''q''^^ 

(3.20) 
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and 



A"^' ■■■A'''I{^r,ri) = I{^lr,ri) + i^PO, - ■ ■ , (Psri-l) ioT S = 1, • " " , ?2 

We will prove that adding these polynomials correspondingly into the generator sets 
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gives the critical extensions of A'' • • ■ A^I{iin,r)- 
The following lemma is true. 

Lemma 3.11. For any s {1 < s < qi), the coefficients of U^j^^j^^ in B~^^j^^An+r+i for 
i — n — sr - ■ ■ ,n + r are zeros mod('0o, • ■ • , V'sr-i)- 

Proof. The case s = 1 was proved at the beginning of this subsection. 

Suppose that we proved Lemma 3.11 for s < p. If p = qi, we are done. Otherwise, we 
may assume that 1 < p < qi- We will show that the coefficients of L^^,.^^ in B~!f^^ A^+r+i 
for i = n — (p + l)r + !,■■■ ,n + r are zeros mod('0O) " " " ) '0(p+i)r-i)- 

Denote B^^^^ An+r+l = In+r+l + ^n-lLn+r+l + • • ' + AoL"_|_^_|_i + X-iL^'^l_^_i + ■ • ■ + 
^^^^ = Ifi+r+l + f^n-lLn+r+1 + " • " + /tO-^n+r+l + + 

• ■ • + K,_r^nXr+i- inductive assumption K.n-i = Omod('^O) " " " ; i^pr-i) ior i — n — pr + 
1, ■ • ■ ,n + r. 

By Equation (3.7), we have (/„,0) (-l)^'p!B-j:+l'L;f-.'j';A„+,+i (^^^^ = 

Ln~^^^ A — (^ gp-ibodbj ^ ■ ^eft multiplying this equation by Cn-r+i gives that Xpr+i oc 

dp-^b^db^ 1 ~ i^pr+i for i = 0, • • • , r — 1, where Cn-r+i is a 1 X n vector with 1 in the 
(n — r + 1) position and zero elsewhere. Comparing the coefficients of U^^^^-^ in both sides 

of the equation {B~^^^^An+r+i)Bn+r+i = B~l^^^An+r+i for i = n - pr + 1, ■ • ■ , n + r, we 
have that 

Xn-i + Xn-i+lK-l H h Xn-i+rho = Omod(V'o, " • • , ^OT 1 = H - pr + I, ■ ■ ■ ,n + r 

(3.22) 

Using Equation (3.22) and Xpr+i oc ippr+i for i = 0, • • ■ , r — 1, we immediately have that 
Xn-i = mod(V^o, • • ■ , V'(p+i)r-i) for i = n - pr + 1, • • ■ , n + r. Because Xpr+i = Xn-(n-pr-i) 
for i = 0, • • • , r — 1, so A„_j = mod(V'O) " " " ) i'ip+iy-i) for i = n — (p + l)r + 1, • • • ,n — pr 
as well. This completes the proof of Lemma 3.11. 

□ 

From Lemma 3.11, we have the following proposition. 
Proposition 3.12. ipi = ipq^^r+i mod('0o, ■ • ■ , V'^ir-i) for i — 0, - ■ • , ri — 1. 
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Proof. Prom the first Jacobian 51{iir,ri), we have that r^l^^5I{iir,ri) — (^(^Q^ ' ^ ^^^^ 

where W = T~l^^ (/r+ri,0) Br+n+i ^^'^q'^^^- Denote W as Ir+n + Wr-iLr+n + ■•• + 

wo-L^+ri + W-iL^Xli ^ w^ri+iLrXrl~^- We have that = </7i for i = 0, ■ • ■ , ri — 1. 

By Lemma 3.11, (7^+^^ , O) (^^''J'''^ = Z^+^i +7n_iL^+r^ H hTn-n-^n 



= Jr+n + 'yn-iLr+n + ■ • ■ + 7n-r-^r+ri niod('0o, " " " , V'?ir-i)- Comparing the coefficients 
of in both sides of Equation (3.17) and L^+^^ in both sides of {Ir+n + In-iLr+ri + 

h -fn-r^^rji^r+ri + Wr-lU+n H h l^O-^r+ri + tJ^-lK+li ^ W-ri+l-C'r+n"^) = 

Fr+riW = (/r+ri, O) -6^+^1+1 ^ "^q*^^^ ^ -^r+n +^'r-l-^r+n H h&o-^r+n niod('0O, ' " ' , V'gir-l) 

for A; = 1, ■ • ■ , r, we have that 



/3ji-/c + /3n-fc+l7n-l + • • • + /3n-l7n-fc+l + In-k — K-k — Wr~k + Wr-k+lln-l+ ,^ ^g-j 

h Wr-i7„-fc+i + 7n-fe mod(V^o, • • • , '^qir-i) for k = 1, - ■ ■ ,r 

Let /c = 1 in Equation (3.23), we have + 7„_i = tfr-i + 7n-i, so = mr_i. 

Let /c = 2,--- ,r in Equation (3.23) and use induction, wc have f3n-k = Wj—k ^or each 
A; = 1, • • • ,r, so = = p„-r+i = Pig^-iy+n+i = V^ir+i mod(V'o, • • • ,'4'qir-i) for i = 
0,---,ri-l. □ 

As an immediate corollary of Theorem 3.10 and Proposition 3.12, we have 

Corollary 3.13. A""! (A'' • • ■ A'' I {flr,,r)) = I{^n,r) + (^O, • ■ • , ^gir-l, V'o, • • • , ^n-l) 

Now we can prove the following theorem. 

s qi 

Theorem 3.14. A^^ • • • A^^^ A'^ • • • A^/(/x„,^) = /(/^n.r) + {ipo, ■■■ , i^q,r-i, (fo,-- - , ^sn-i) 
for s = 1, • • • , ^2 and 

12 qi 

A^^^A''! ■ • ■ A''! A'' • • ■ A''I{lIn,r) = I{l^n,r) + ("00, " " " , V'gir-l, <P0: ' ' ' , Vq^n-l: <Pq2ri: 
' ' ' 1 'Pq2ri+r2 — l) 

We need the following two lemmas. 

Lemma 3.15. {ipo, ■ • ■ , ■0gir-i) In-m ' ' , In-i, bo, - • ■ , K-i) forms a new local coordinate 
system around zero on C" x C. 

Proof Let An+i = {ln+i,0) An+r+i (^""q^^ ^ud Bn+i = {ln+i,0) Bn+r+1 ^^"q^^^ • Then 

we have that A„+i = J„+i + a„_iL„+i H hao^v^+i, -Bn+i = -^n+i + &r-i-^n+i H hfeo-^n+i 

and = -^n+i + In-iLn+i + • ■ • + 7o-^I^+i- By Lemma 3.1(2) and the equation 

An+i = (B„_^\A„+i)i?^Yi) it is easy to sec that 70, ■ ' ' > 7n-i, • ' ' > ^r-i form a new local 
coordinate system around zero on C" x C. 
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By Lemma 3.11, 7^ = mod^ipo, • • ■ , ipg^^r-i) for i = 0, ■ • ■ , qir — 1. So to prove Lemma 
3.15, it is sufficient to prove that ipo, • • • , ipg-^r-i are polynomials in 70, • • • , 7„-i, bo, ■ ■ ■ , 6^-1- 
This follows directly from the fact that ipiS are polynomials in oq, • ■ • , On-i; ^O) " ' • > K-i 
while ao, • • ■ , a„_i, 60, • • ■ , &r-i are polynomials in 70, • • ■ , 7n_i, 60, • ■ • , &r-i- □ 

Denote hi{x)g{xy^ — 2;"+'" + Tn-i-r-ix"-~^^~-^ + h Tq. We have 

Lemma 3.16. q = mod('^O) " " " ) V'gir-i) for i = 0, ■ ■ ■ ,n + r — 1. 

Proof. Let Cn+r+i = -^n+r+i + Cn+r-i-^n+r+1 + ■•■ + CqL^+J!.^!, where QS are the coef- 
ficients of h{x). Then Cn+r+i = ^n+r+i-Bn+r+i- By Lemma 3.11, S~^^^;^74„+r+i = 

+ 7n-l mod(V^, • ■ • , i/\,r-i)- So C„+ 

(-^n+r+l^n+r+l)-S^+r+l = (-^n+r+1 + Tn-l-f'n+r+l + • " • + 7n-n-^n+r+l)-^n+r+l = -^n+r+1 + 

Tn+r-il^n+r+i H h roL^+^_^i mod(^o, " " " , ipqir-i)- Therefore q = mod(?/^o, • ■ • , ^/^gir-i) 

for i = 0, ■ • ■ , n + r — 1. 

□ 

Proof of Theorem 3.14: 

Proof. The case s = 1 is Corollary 3.13. 
Suppose we have proved that 

s qi 

/Y^ . . . A''1A'' • ■■A'I{fl.a,r) = /(/Un,r) + (^0, " " " ,i'qir-l, VO: ' ' ' :Vsri-l) for S = 1, • ■ • ,p 

If p = we have done the ffist part of Theorem 3.14. Otherwise, we may assume 

p < q2- Wc will show that 

p+l qi 

A*"! ■ • ■ A''! A'' ■ • ■ A''I{lJ,n^r) = Hl^n,r) + (V'O, " " " , V'qir-1, VO: ' ' ' , </7(p+l)ri-l) 

By Lemma 3.16, A''^ ■ • ■ A''^ A'' • ■ • A''I{fin,r) = I{^^n,r) + (^o, ■ • ■ , ^gir-i, 9^0, • ■ • , ^pn-i) 

— (Cn+r-l) ■ ■ ■ ) Co, IpQ, • ■ • , V'gir-l) <^0) " " " ) <^pn-l) = ('^n+r-l; " " " ) '^0; i^Oi ' -i i^qir-l, ^0, " " " ) 

P 91 

</?pri_i). Considering SA""" ■ ■ ■ A^'^A'' ■ ■ ■ A''/(/i„,^) = 5{Tn+r-i, ■■■ ,ro.. i^'o. • • • . i''<,i7-i, V'o, • • ■ 
with derivatives taken with respect to the new coordinate system in the order 
7n-i, • • • , 7„_ri, V'gir-i) " " " ) V'O) W-i, " " " , ^0; WC havc that it is given by the following matrix 



B 



91+1 / 




n+r I 


















(gi + l)S^Vr-rn+r. 



\ 



V 

where r„+^ = I^+r + 7n-l-^n+r + • 

Left multiplying matrix (3.24) by 



'9ir 









(3.24) 



• + '-jn-nL'^n+r * varies from to p — 1. 

J->n+r ^ 





, we have 
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/o [In 
I g 





(gi + i)r„+,f{;^\ 











, 0) (^^^^^ + i)r. 













1 p-1 

Left multiplying (3.25) by ( 91+1 '-+'-1 

^ -'2gir+pri 











V ) 



(3.25) 







and using Equation (3.20), we have that 

^^r7^n(W,o)s(^-) 















V(l + IiTTlfeTIT)(fef) I 
By induction and the construction of (^jS, the matrix (3.26) is equal to 



(3.26) 



/ 1 

91+1 


(7„o) r-^,^ (w, 0)5(^^1) 























Iqir 





V 








0/ 



mod((y90, • • • ,<y2(p+l)ri-l) 



(3.27) 



So the corank of ^A*"^ ■ • ■ A^^ A*" • ■ • A^I{^n,r) is '"i and any (n+r— ri + 1) minor is generated 
by ((/9o, ■ • ■ , V'(p+i)ri-i)- Because each ^p^ is only different from a (n + r — ri + 1) minor of 
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■ ■ ■ A*"^ A*" • ■ • A."^ I {ijLn,r) by a nonzero constant, so 

p+l qi 

. . . A'' • ■ • A''I{fJ,n,r) = /(/in,r) + (^0, " " " , ^gir-1, V^O, " " " , ^P{p+l)ri-l) 

This completes the proof of the first part of Theorem 3.14. 

92 91 

Using the same idea, we can prove that SA^^ ■ ■ ■ A''^ A'' • • ■ A^I{fj,n,r) is equivalent to 



/ 1 



91+1 



{Ir, O) {lr+ri,0) -B ^ q 














^91 r 





92(91+1)) ( 



Qy(<;2-l)ri+» 



mod((/7o, • ■ • , </?92n-i) (3-28) 
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By comparison with SA^^ ■ ■ ■ A^^ I {ij,r,ri) which is equivalent to 



V 



mod((/7o, • ■ • , V^qar-i-l) 



(3.29) 



the matrices (3.28) and (3.29) have the same corank. By induction, the latter one has 
corank r2, so does the matrix (3.28). All the (n + r — r2 + 1) minors of matrix (3.28) and 
the (r + ri — r2 + 1) minors of matrix (3.29) generate the same idea, so 

<?2 qi 



— I{l^n,r) + ("00, • • ■ , i^qir-l, ' ' ' , fq^ri-l, 'fiq2ri, 

As a consequence of Theorem 3.14, we have that 



Corollary 3.17. The first {qi + q2 + 1) entries in TB{I{iin,r)) is (r, ■ • ■ , r, ri, • • ■ , ri, r2) 

with r repeating qi times and ri repeating q2 times. 

Replacing fo{x), fi{x) with fi{x), f^i^x) and repeating the same process, we can produce 
/3(x) of degree r2 and a map //ri,r2 ■ '^^^ x C''^ ~^ C''^'*"^^. Using the first (ga + 1) critical 
extensions of I{^ri,r2)i we can generate polynomials ^q^m ■ ■ ■ , Vq2ri+q3r2-i) Vq2ri+q-ir2i ' ' ' 
(Pq^ri+qzr2+r3-i such that they can be added correspondingly into the generator set to form 
the next (53 + 1) critical extensions of I{iin,r)- Repeating the same procedure over and 
over, we can produce f^ix), • • • , fk+i{x) and use them to prove TB{I{nn,r)) = ^in, r). Due 
to the heavy notations, we will not do so here. Instead, we mention a key observation 
that explains why we can add polynomials at each step to obtain the corresponding critical 
extension of /(/x„_r)- At the {qi + ■ ■ ■ + Qp + s)-th step of the critical extension of I{iJ>n,r) 
for some 1 < s < qp+i, the Jacobian matrix is equivalent to a matrix with the form 





/, 



V 






qir+q2ri-\ l-qpTp-i 












mod((^52+...+qp, • ■ ■ , (pq2+...+q^+srp-l) 



(3.30) 



for some nonzero constant /i and u. 



The matrix ^A^'^-^ ■ • ■ A''^-'^ I{ij,rp_:^,rp) is equivalent to 



'»"p-i 




A 

mod{(fiq^+.. 



1 ^q2-\ \-qp+srp-l) 



(3.31) 



20 



for some nonzero constant v' . 

It is obvious that the matrices (3.30) and (3.31) have the same corank and the corre- 
sponding minors generate the same ideaL So we can add the polynomials generated by 
the first {qp+i + 1) critical extensions of I {fJ'rp-i,rp) into the corresponding generator sets 
to form the critical extensions of I{iJ,n,r)- Hence Theorem 1.2 is true. This completes the 
proof of Varley's Conjecture. 
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